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ABSTRACT

The stochastic control problem with linear stochastic differential
equations driven by Brownian motion processes and as cost functional
the exponential of a quadratic form, is considered. The solution is shown
to exist of a linear control law, and of a linear stochastic differential
equation which has the same structure as the Kalman filter but depends
explicitly on the cost functional. The separation property does not hold

in general for the solution to this problem.
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1. INTRODUCTION

The class of so called Linear-Exponential-Gaussian (LEG) stochastic
control problems has been introduced by Jacobson [3] and Speyer et al. [6].
Since then several papers have presented solutions to special cases of
this problem. Below the solution to the general case of a partially observed

stochastic system is presented.

The simplest special case of the LEG stochastic control problem is that

of the completely observable system

(1.1) dx = (Fx+Bv)dt + Gdw, Xqg = Hgs
with the cost functional .
1
2 [ 2 2
(1.2) J(v(+)) = Elu eXp((u/Z)[Mxt + ] (Qx"+Nv)dt 1) ].
1
0

Under certain definite conditions there exists a linear optimal control
which 1s implementable by a finite dimensional system, see [3].

Subsequently Speyer et al. [6, 7] have considered the case of a

partially observed system

dx (Fx+Bv)dt + Gdw, x

O = UO’

(1.3) 1
Hxdt + R%db, Yo = 0,

dy

with the cost functional (1.2) with Q = 0. Again there exists a finite
dimensional implementable optimal control.

Yet another case of a partially observed stochastic control problem
1s considered by Kumar, van Schuppen [5]. There the general cost functional
(1.2) is combined with the stochastic system (1.3), but with G = 0. It
1s proven that the optimal control is given by

(1.4) u = N (£)B* () [L(DR, + M(£)n(E)]

o~

where X, is produced by the Kalman filter and

C
n(t) = { K(t,s)usds.
0



The control is thus implementable by a finite dimensional system. It has

long been thought that the general case does not have a finite dimensional

implementable optimal controller.

In this paper the solution to the general stochastic control problem
will be presented, consisting of the stochastic system (1.3) and the cost

functional (1.2). It will be proven that the optimal control is given by

(1.5) u, = ~N"‘(t)B*(t)s(t)rt
where
. )
(1.6) dr = [F-PH R 'H+ uPQJr dt + Budt + PHR dy, ry = Mg

and P 1s the solution of

]

(1.7) P-FP-PF +P(H R H-uQ)P -GG = 0, P(0) =P

0°
The recursions for the sufficient statistics reduce to the Kalman filter
if Q = 0. The representation of the solution (1.5) and (1.6) is much more
convenient then that given by (1.4).
The motivation for considering LEG stochastic control problems 1s that
for certain applications the exponential-of-integral cost functional may
be better suiltable than the usual quadratic cost functional. The reason
for this is that the exponential form introduces a nonlinear relation
between small and large deviations from the equilibrium state. The
economic interpretation of the solution of the LEG problem is discussed by
van der Ploeg [9]. One may interpret the solution as an attitude of either
risk-preference, for p < 0, or of risk—-aversion, for u > 0, see [9, 101].
There is also a system theoretic motivation to consider LEG stochastic
control problems. A major question in stochastic control theory 1s to
classify those stochastic control systems and cost functionals that lead to
finite dimensional control algorithms. An attempt to define a finite
dimensional control algorithm will not be given here, but the solution
presented by (1.5) and (1.6) illustrates what the authors have in mind.
It 1s expected that the availability of the solution to the LEG problem
may provide insight into the above stated question. Apparently the

1nvariance of the conditional cost functional plays a key role. In addition



the solution provides an example of a sufficient statistic for a stochastic

control problem which does not have the separation property.

A brief summary of the paper follows. In the following section a

problem formulation is given. In section 3 an equivalent expression for the

cost functional is derived. The solution is presented in section 4.

2. THE PROBLEM FORMULATION

Notations

Let (R2,A,P) be a complete probability space and T = [O,tl], on which
are defined

k ..

(2.1) w: & X T > R a standard Wiener process;

g: Q X T - Rd a standard Wiener process;

dxd . ., . . : :
R: T >R a symmetric positive definite matrix for which there
exists a ry € (0,») such that for all t € T R(t) = rOI;
y: 8 X T - Rd
~ D2 = ()

(2.2) ‘ndyt R (t)dbt, Yo O3
(2.3) X! {2 > R, a Gaussian random variable with'meanuo and variance

Pos with Py non-singular.

Assume that XysY,W are independent objects. The process y will be termed

the observation process.

Consider processes v: X T - R" which belong to L (O,t Em),'meaning

y 1
that they are adapted to the o—algebra family Yt==0({ys,VS£§t}) generated

by the observation process. For uninitiated readers of stochastic control

the well known fact is pointed out that v in Ly(O,tl;Rm) 1s equivalent

to specifying a non—anticipating function f: (Rd)T >R such that v, = f(y(-)).

Here non—-anticipating meansg that for any teT v_=£f(y(*)) depends only on

t
the path of y before time t. One may consider £ to be a control law.

For v € Ly(O,t R") define the state process as the solution of the

1;
stochastic differential equation

(2.4) dx = [F(t)xt4~B(t)vt]dt+~G(t)dwt, X

t 0°

where



F: T>RY®, B: T RY™® g T rYK

>

Define the process b: Q@ x T +Rd
t
' " u—-.l_
— — 2
(2.5) bt bt J R (s)H(s)xS ds
dxXn 0

for H: T - R~ . Define the change of probability
tl t1

~ | ~ —

(2.6) dP/dP = exp/( { R *Hx.db - 1 J H R 1Hx.xds)
0
t

|
= RIS
= exp ( J R Hx.dy - 5 J H R Hx.xds).
0 0
Since the integrand entering into the stochastic integral at the right hand

side of (2.6) is unbounded, an assumption is necessary to ensure that P

1s indeed a probability measure., The following criterion will be used, see

LI.I. Gikhman, A.V. Skorokhod, 2, p. 83]: there exist u, ¢ € (0,») such
that

(2.7) E[eXp(pH*R”lHXt.xt)] < ¢

for all t € T. Define X, Q X T = Rn, X, Q x T > R"
(2.8) i]t = Fxlt + th, Xig = 03

(2.9) dx2t = szt dt + det, Xoo = ¥y

Then

(2.10) X = X + X

and X:» X, are independent. Therefore (2.7) can be majorized as follows

Elexp (uH*R“IH(Xl-a-xZ) Y]

IA

E[eXP(ZuH*R“IH(xf+X§)]

] 1

IN

E[eXP(ZuH*Rf Hx?t)]E[exp(ZuH*Rm ngt)]'



Since Xy, 1s a Gaussian random variable, it is possible to find a

L € (0,») such that the second expectation is finite. Because

C
1
2 [ 2
Ix. | v |
Xlt < C J VS ds,
O
(2.7) will be satisfied if there exists a v e (0,®) such that

t

(2.11) Elexp (v J[ "vS" 2ds)] < oo,
O

The parameter v may depend on the control, but not on Q. The preliminary

set of admissable controls i1s therefore defined as

U, = {v e L (0,t Rm) Iave(O,m) such that (2.11) holds}.

Other restrictions will be stated later.

With respect to the probability measure P the process b 1s a standard

Wiener process, xo,b,w are independent objects, and
1
(2.12) dyt H(t)xtdt + R (t)dbt, Yo 0.

Furthermore the measures P and P are identical with respect to XqsW.

In the rest of the paper the time parameter will often be suppressed.

The stochastic control problem

Because of the dependence of P on the control v the notation P’ will be

used. Consider the cost functional

g

(2.13) J(v()) = Ev[ueXp((u/Z)[MXil + J (Qx2+Nv2)ds])]
0

where 1 € R, 1 # 0, is given,

M e Rnxn

Q: T +-Rpx

>< & L » » L 4 »
N: T > R 1s symmetric positive definite for which there

exists a n, € (0,») such that for all t € T N(t) = nOI.

is symmetric and non—-negative definite,

n * » *» L @
is also symmetric and non—negative definite, and

(2.14) o



Note that for both yu > 0 and y < 0 J(v(*)) should be minimized.

In order that J(v(*)) 1is finite for at least some Vv 6:91 an assumption

1S necessary. Let
(2.15) U, = {ueU | J@()) < )

to be called theclas of admissable controls. It will be assumed that H—-Z 1s

non-empty. A condition guaranteeing that U, 1s non-empty is the following.

Let v = 0. Then x X, and in this case the probability]jm@;oftxz*with

K

respect to P and are the same. Therefore

(2.16) J(O(*)) = E[uexp((u/Z)[Mxi] + Jngsds])].

O
If J(O0(-)) < o, theniyé 1s non-empty, and it is likely that it will
contain more then one element. One can also reformulate (2.13) as
“
(2.17) Jw()) = E[uexp((U/Z)EMxili-}'szdS]
0
C C

1 1
+ _[ (uQ/2-H*Rm1H/2)x2ds+~J. R
0 0

Y

DEFINITION 2.1. a. An admissable control u will be called optimal for the

]
HXs'dys]'

cost functional (2.13) if

IA

(2.18)  J@W (*)) < J(*))

for all v € U,. Here the state process and the observation process are

~9"
given respectively by (2.4) and (2.12).

b. An admissable control u will be called conditional optimal for the cost

functional (2.13) if for all t € T

(2.19)  EVCM YR < VLY | Y]

for all v € Eé such that for all s £ t uS vs. Here



“

(2.20) ¢V = uexP((u/Z)[Mxili*J’ (Qx“+Nv2)ds ).
' 0
The definition of conditional optimality is due to C. Striebel
L8, Ch. 4]. If u*ggz 1s conditionally optimal then it is also optimal;

take t = 0 1n (2.19) and use Yo = 0. However the converse i1s not true, see

L[5, p. 315] for a counterexample.

PROBLEM 2.2. The Linear-Exponential—-Gaussian stochastic control problem

. . . * . . .
1s to determine an admissable control u, that 1s optimal, and an admissable

* ; . * ‘ ¢ . o o
control u, s possibly different from.ul, that 1s conditionnally optimal.

The state process and the observation process are given respectively by
(2.4) and (2.12).

3. CALCULATION OF THE COST FUNCTION

The solution to the stochastic control problem 2.2. that will be given
in section 4 1is based on an alternate expression for the cost functional.

This result will be derived below.

Definitions.

The following variables are introduced:
P: T ~ Rnxn

(3.1) P - FP - PF* + 13’(11*'15{”l

H-uQ)P - GG = 0, P(0) = P,

r: 2 X T-—>-Rn

(3.2) dr = LF - PH*RMIH + yPQlrdt + Bvdt + PH*R“Idy, Ty = M43

0

for any v ¢ U s x RT x T > R

(3.3) Y (x,t) = exp(=3P(t) " (x-r) - (x-r)
t t
| ey - W
+ R Hr.dy - 3 H R Hr.rds
0 t 0

v (u/2) O[ (Qr2env2)ds

-n/2

C
+ (u/2) I tr(PQ)ds) (2m) 1P(e)] 25
0



G4 R = Blu | exp(Gu/2mxDn" (x, ¢ Yax];

T: T > RV

(3.5) E - 3GCI + FL + IF - 10 + H'R 1y = 0, z(t;) = -pM.

ASSUMPTIONS 3.1.

(3.6) H*R"IH-— MQ = 0 (then a solution to (3.1) exists);

(3.7) P(t) = CII’ for some cle:(O,m) and for all t e T;

(3.8) P“](t) + X(t) > 0 for all ¢ e T

THEOREM 3.2. Ass

ume that (3.6), (3.7), and (3.8) hold. Assume further
that the Riccati equation (3.5) has q symmetric bounded =

where J(v(*)) is defined by (2.13) and R(v(-)) by (3.4).

The proof of theorem 3.2 is based on several lemma's.

Preliminarz calculations

It will be convenient to introduce the processes

t :
z = exp(I'leHx.dy*% I H*R“IHx.xds) .

J

(3.10) 0 )

t
At = exp((u/2) J (Qx2+Nv2)ds).
0

Thus

(3.11) J(v(-)) = Elpexp((u/2)Mx



Define

C t
| 2 -1 * =1
(3.12) S, = P (t)rt - 2 J R "Hr.dy + J H R Hr.rds
0 0

C C
- J (Qr2+Nv2)ds - U J tr (PQ)ds + 1n((2m)"|P(t)]).
0 0

Then
(3.13) Wv(x,t) = exp(*%[Pml(t)x.x-2P_1(t)rt.x+-st]).

The following result is then obtained.

LEMMA 3.3. The process s is a solution of the differential equation

- 2
! I 12 + 2P le.r - uNv .

(3.14) ds _/dt = tr (G P G+2F) - |G P 'r|

PROOF. One uses

1 2

- -1 -1 x —1
dP r = (P )'r.rdt + 2P 'r.dr + tr(PH R H)dt,
— ' T TP
dee !y = - plppl
— — e - * -]
= -pP lF-FP ! + 8 R M - g - P lec™e],
hence,
- — — 2 * —-1 .2
(3.15) ap 'x? = [=2Fr.P v+ R Hr.Hr - wQr® - 16 P r|“ldt
+ 2Pmlr.[F -~ PH*Rle + pPQlrdt

1

o —
]r.Bvdt + 2r .H R dy

+ 2P

* -1
+ tr(PH R H)dt

-1 ) K -
[-R Hr.Hr + puQr™ - |G P

1

1 2

r|

*x -]
r.Bv + tr(PH R H) Jdt

*_—]
+ 2r.H R dy.

+ 2P



10

Moreover writing

. . 3 5
P'= [F+PF P L PH*R ]H + GG*P 1 + uPQlP
one deduceé
(3.19) din|P(t)|/dt = tr(F+PF*P”lmPH*R“1H+GG*P"1+qu)
= tr(2F~PH*R"1H+GG*P"1+UPQ).

From (3.12), (3.15), and (3.16), one easily deduces (3.14).

The assumption (3.8) for t = t, implies that

-1
P (tl) - uM > 0
1s poslitive definite. Hence one can calculate the integral

2

J eXp(-%P“](tl)(X“rt )T+ (U/Z)sz)dx

1

B -]
= exp((u/Z)rtl.[I-"uMP(tl)] Mr )

n/2

(2™ 212 (e )12 | [T - e (e )| 72,

Therefore one can write

(3.17) K(v(*)) = Elu J exp((u/Z)sz)ﬂ(x,tl)dX]
C1 t
= ElLu expl IR“]Hr.dy -3 iH*RHIHr. rdt
trl 0
+ (u/2) | (Qr2+NvZ)dt
0
+ (u/z)tx-—-um(tl)J“‘Mrtl.rt]]J
t]
|
exp ((u/2) J tr(PQ)dt)I [I-uMP(tI)]l 2
0

assuming that the expectation is finite.



VvV

Equation for m and its adjoint

To show that K(v(:)) is an alternative expression for the cost, an

Vv

equation for m and its adjoint are needed.

LEMMA 3.4. The process 7' (x,t) has the Ito differential

*

(3.18) dm 3tr (GG D

2
T ) (Fx+Bv). DXTT
2

4 (u/2)m(Qx +Nv2) - wtr (F) Jdt

+ ﬂRﬂle.dy

1 1

L (P~ Fx.x+ (u/2)Qx.x + 1|¢* P

1 % _ =] -1 % -]

+ x.(P Bv-F P r-P GG P 'r)

* =] —
- 3tr(G P G+ 2F) + %IG*P lrl2
+ (u/2)NV2 - PﬂlBV.r)dt
+ R_le.dy]

PROOF .This follows by simple calculations from (3.13).

At this stage it is convenient to use the robust form of (3.18). In

order to derive it, it 1is however necessary to assume that
~ ]
(3.19) R (t)H(t)

is differentiable. Let us consider q : R"xQxT +~ R

\Y4 -1

q (x,t) = 'ITV(X,t)EXp(“yt.R (t)H(t)x).
LEMMA 3.5. The.proceés qv(-,-) satisfres the equation

* p—
%tr(GG*Diq) +D_ . (GG H R IY*FX"BV)

(3.20) oq (x,t) /a3t q

2

* -]

+ %q[IG*H R y|2 + u(Qx +Nv2)

1. 2

* ]
- HR Hx - 2(Fx+Bv).H R~

g - 2(R H)'x.y - 2tr (F) ]

PROOF. One has
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dm exp(ﬂyt.R-IHx)

1

dq(x,t)

1

+ exp(myt.R_ Hx)[-dy.R Hx

- yt.(Rle)'th]

] 1

- T
- 37 exp(-y, .R Hx)H R Hx.xdt

from which one easily derives (3.20).

Next one derives the adjoint equation of (3.20) with respect to

(3.4), which reads

* é * Kx -]

s tr (GG Dp-D_p. (GG H R y~-Fx-Bv)

¢ 101G E R Iy 1?2 + w(Qx?w?) - H'R THx”

1

(3.21) -3ap(x,t)/at

- 2(Fx+Bv).H R Y = Z(R“IH) 'x.v],

2

P(xqtl) = u exp((u/2)Mx +y I-R“I(tl)H(tl)X)-

C

In fact it 1s possible to solve (3.21) exactly.

LEMMA 3.6. Assume that the Riccati equation (3.5) has a symmetry bounded

solution. Define

o: 0 X T-+]Wn
1

(3.22) &+ (F-3G6G)(c-H'R 'y) — IBv - (HR ) 'y = 0,
* = |
G(tl) = H (tl)R (tl)ytls
pe 0 X T > R
(3.23) 6 = ~tr(GG*Z) + |G*O!2 — 20.(GG*H*R"1y"Bv)

* K -]

+ [|GHR yl2 + uNV2

- ZBV.H*RMIYJ, p(tl) = 0.
Then

p(x,t) = y exp(-3[Z(t)x.x-20(t).x+p(t)])

1s a solution of (3.21).



13

PROOF. One has

dp(x,t) /3t = p(x,t)[“%ix.x+ G.X — %5],

»
4o,
|

pl-IZx+0],
D.p = pl-Zx+olel-Ix+o] - pI.

Substitution in (3.21) yields

®

l

. . * * 2
1Zx.Xx — 0.X + ip = =ltr(GG ) + i|G (-Zx+0) |

* * —]

-(-Ix+0). (GG H R y-Fx—-Bv)

_ 2 2
+ %[IG*H*R lylz + p(Qx"+Nv )
x -1 2 1

- H'R 'Hx® - 2(Fx+Bv).H R 'y
- 2R 7TH) 'x.y ]
and the result follows with (3.5), (3.22), and (3.23). ]
LEMMA 3.7. The functional K(v(*)) defined by (3.4) can be calculated by

(3.24) RK(v(*)) = E[j p(x,0)m(x,0)dx].

PROOF. By the expression for p(x,tl) in (3.21) one has

v J[eXP((u/Z)sz)ﬂ(x,t])dx = J p(x ,tl)q(x.,t])dx.

This integral makes sense by assumption (3.8). An integration by parts

yields

u JeXp((u/Z)sz)ﬂ(x,tl)dx I p(x,0)q(x,0)dx = J p(x,0)n(x,0)dx.

Taking the expectation one deduces (3.24). (]

Equality of the two costs

3.8. PROOF OF THEOREM 3.2. From (3.11) and (3.21) follows that
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-1
. - [ —
J(v()) Ewp(xt ,tl))\t Z, exp ( Y, .R (tl)H(tl)xt ) J.
| 1 1 -1 1 1
But
b
y -R-l(t JH(t,)x, = f R"IHX d
t 1 1" “e, ] * G
1 1
0
1
+ | v LR ME) 'x + R MH(Fx+BY) 1dt
0
1
+ J v.R 'HGdw,
0
hence

=

Elp(x. »t)A  exp(- { y-((RHIH)'x
| 1 0

J(v(:))

|
+ R H(Fx+Bv))dt
t] t1

] 1

{ H*Rm Hx.xdt - J y.R“’Hde)].
O O

Attention will be concentrated on

B

t

exp (—L J y.((RfIH)'X

0
t

1
+ R“]H(Fx+BV))dt + 4 ‘{ H*leHx,xdt
0

X = E[p(xtl,tl))\t1

t
1 C
+ Jy.R“IHde])IY .

0

Recall that y,w,x. are independent objects. Since v is adapted to Y, omne

0
can calculate X by freezing the values of y and v, and taking the expectation
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with respect to the remaining source of noise, namely w.

: 2,1 e :
Note that for y and v frozen, p(-,-) is a C°’  deterministic function.

Therefore
(3.25) dp(xt,t) = [0p(x,t)/3t + D p.(Fx +Bv ) + %tr(szGG*)]dt +D p.Gw
X t t X X
* *x =] % -1 ,2
= Dp.GGHR 'y - 3p(IGHR 'yl +
2 -
+ u(th + Nvtz) ~ H*R letz:
*x -]
~ 2(Fxt-vat).H R vy
-]
- 2 ' . + . .
(R H) X yt)] D_p Gdw
Next
(3.26) d(p(x_, )2 ) = A _[D p.GE'H'R 'y - 4p(16"HR 'yl
* -1 2 * -]
H R th - 2(Fxt+th) .H R Y

-]
—~ 2(R.'H)'xt.yt)]dt

+ Xt Dxp.det.

Let us denote

C
Bt = expm{.[ya((Rle)'XE~PR71H(Fx+Bv))dt
Ot t
i -1 _* -1
+ 1 J R H Hx.xdt + J v.R 'Hdet],
0 0
hence
- -1
(3.27) det = et[~y.((R lH)‘xnf(R. H) (Fx+Bv))dt
* =1 2 -1
1 —
+ JH R Hx_dt - y .R HGdw

* % -]

+ 1|1GH R ylzdtj.
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Combining (3.26) and (3.27) one obtains

* -]
dp(xt,t)Kth = [xtetDXp + A, 6 HR yr].det.

Recalling that y is frozen, one can take expectation with respect to w,
hence

t

X = E[p(xO,O)]Y 1] = [ p(x,0)7(x,0)dx

by X independent of y with a Gaussian distribution and by definition of
T(x,0). Thus

J(v(+)) = E[X] = E[| p(x,0)7(x,0)dx] = K(v(-))

by (3.24). ]

REMARK 3.9. Assumption (3.19) is not necessary to prove theorem 3.2. because

of the following argument. One first approximates leHby a differentable

function. In this case the preceding proof shows that theorem 3.2. holds.
Secondly one observes that the final result does not depend on the derivative

and that hence one can pass to the limit. Condition (3.19) is thus only

an 1lntermediary technical assumption.

4. SOLUTION OF THE STOCHASTIC CONTROL PROBLEM

The result of theorem 3.2 implies that minimization of the cost
functional J(v(*)) is equivalent to the minimization of the cost functional
K(v(*)). The importanée of this lies in the fact that the minimization of
K(v(*)) appears as a stochastic control problem with full information
specified by the state equation (3.2) and cost functional (3.4). This

problem 1is now easily solved.

It should however be pointed out that the function m defined in (3.3)

1s 1n general not the conditional density of x given v because it
depends on the parameters Q and N of the cost functional. A key point in
the proof of theorem 3.2 is that one can push the cost functional into

the expression for the conditional demsity. The fact that this is possible
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1s based on the exponential form of the Gaussian density and the cost

functional.

. | L L4 & X
Consider the Riccati equation for S: T - RO

-1 % *_ -]

S + S(F+uPQ) + (F +uQP)S + Q - S(BN 'B*—yPH R 'HP)S = O,

(4.1)

S(tl) = 3[ (I-uMP(tl))“lM+ M(I-—-uP(tl)M)mlj.

It will be assumed that (4.1) has a symmetric solution. Consider the equation

(4.2) df = [F-PH R H+uPQ-BN 'B Slgdt + PH'R 'dy, Ty = Uy

which corresponds to the state equation (3.2) with the control

x

(4.3) ul = mm"l(t)B*(t)sct)ft.

For some r given by (3.2) define
C

J R“]Hr.dy ~ 3
0

(4.4) h H'R Hr.rds

O % 4

+ (u/2) (Qr Ny )ds + (u/2)S(t)l“ X

t

~1

- (u/2) tr(SPH R HP)ds.

Ot O+-—"—"—rt

Attention 1s now restricted from the dass of admissable controls U2 to
€

_[J_3 = {u € 92 | EL J exp(ZhS) IR“IH(I'FLIPS)I‘IZCISJ < o},
O

THEOREM 4.1. Assume the conditions of theorem 3.2, and that a symmetric
solution to (4.1) extists. Assume that u*, defined by (4.3), belongs to the

class of admissable controls, and moreover to U, -
a. Then u s optimal and

min J(v(*)) = J(u (*))
veU
Uy
- 1

t]
= u exp((u/2)LS ugy.uy + [ tr (PQ+SPH R HP) ds 1) |[I --um?(tl)jr‘%
0

b. Then also u is conditionally optimal in U,.
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REMARKS 4.2. 1. In the representation of the solution as given by (3.1),
(4.2), and (4.3), the separation property does not hold in general. Note
that in the sufficient statistic m for the cost functional both r and P
depend on the state cost matrix Q, while the control Riccati differential
equation for S depends on the matrix function P.

2. Observe that the functionm wv(x,t) is in general not the conditional
density of kt given'Yt since its parameters r and P depend on the cost
functional through Q.

3. The concept of a sufficient statistic for a stochastic control problem
has been defined by C. Striebel [8, 3.2]. For the stochastic control
problem under consideration it follows from the proof of theorem 4.1 that
£, as defined by (4.2), is a sufficient statistic. Note that because
P is a deterministic function it is therefore considered not to be a
sufficient statistic.

4. An attempt to define minimality of a sufficient statistic for a
stochastic control problem will not be made here. Because ¥ takes wvalues
1n RP; the state space of the given stochastic system, 1t seems likely

that this sufficient statistic is minimal in any reasonable sense.
In the special case of G = 0 a sufficient statistic of much higher
dimension has been found in Speyer et al. [6] for discrete~time systems,
and in Kumar, van Schuppen [5] for continuous—time systems.

5 Theorem 4.1 contains the special cases discussed by Speyer et al. L6l,
with Q = 0, and by Kumar, van Schuppen [5], with G = 0. The discrete-

time case of the problem considered here is discussed by Whittle [101.

6. When u is small one has that

|

(3 () =udnd - T (o

2
+Nv2)ds +Mxt 1.
1

Hence for u small the LEG stochastic control problem becomes close to
the standard linear—quadratic—Gaussian stochastic control problem for
which the separation principle holds. This can also be seen from the
explicit expressions for the optimal control. For u small, S becomes

close to the solution of the Riccati differential equation of the

deterministic linear quadratic control problem
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- X e
T+ OF + F'1+ Q- IBN BT =0, 0(t) =
Moreover, then (3.1) reduces to the Riccati equation of the Kalman filter,

and (3.2) reduces to the Kalman filter itself.

A sufficient condition for conditional optimality that will be used 1n

the proof of theorem 4.1, will be stated.

| *
THEOREM 4.3. [C. Striebell] If there exists a u e€ U,s and for any admissable

control v e U, an y* adapted process hV: Q@ x T +~ R such that

t : . t .
. for any v € U2 [clY 17 = h\é , and h' is a submartingale on Y with
~\ ]
respect to P
V> t .. : g ™

2. h 28 a Y martingale with respect to P ;

then v 1s condittonally optimal. One calls h' the conditional cost

functional associated with v.

PROOF OF 4.1. a. By theorem 3.2 J(v(-)) = K(v(*)). Recall that

C C
ht = J RﬂlHr.dy -~ 3 Jr H R Hr rds
0 0
t
c ) | @tavhas + wosor
0
T
- (1u/2) J[ tr(SPH R 1HP)ds...,
0
Then | t]
-1
(4.5) K(v(*)) =yuexp((n/2) [ tr(PQ+SPH*R HP)ds)
0
1
|I[T - uMP(tl) 11 §E[e:rt:1:>(ht1)]
Calculations show that
dh, = RﬂlHr.dy - %H*leHr.rdt + (u/2) (Qr2+Nv2)dt

C

. *x =1
+ (pu/2)Sr.rdt + uSr.[(F-PH R H+uPQ)r

* -1
+ Bvldt + uSr.PH R dv,
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li

(4.6) d exp(h) EXP(ht)[RHIH(I+uPS)r.dy

]

—~ %H*Rf Hr.rdt + (M/Z)(Qr2+NV2)dt

+ (u/2)Sr.r dt + uSr.[(F"PH*RHIH +

|
+ uPQ)r + Bvldt + 3|R 2H(I+uPS)r|2dt]
- exP(ht)[R"‘H(1+uPS)r.dy

+ (u/2) (S+S(F+uPQ) + (F +uQP)S

] ]

~ S(BN 'B -uPH R 'HP)S + Q)r.rdt

1

+ (u/2)N(v+N B*Sr)zdt].

If S satisfies (4.1) then

(4.7) exP(htl) > exp((u/Z)SOrO.r0)+-
L
+ J exp(hS)R“IH(I+uPS)r.dy

0
and from (4.5) and the definition of U, then follows that

(4.8) R(v(+)) 2 u exp((u/2)LS g 0y +
t)
+ J tr(PQ+SPH*R-

0
For the control u defined by (4.3) one gets equality in (4.7) and (4.8),

1HP)ds])l [IquP(tl)]l_%.

hence it is optimal and

min J(v(:)) = min K(v(+)) =

uegz uegz

Y

x —1
= N eXP((U/Z)[:SOUO-UO4“f tr (PQ+SPH R
O

HP)ds 1)

_1
1[I - uMP(t])]l 2.



b. Let

t
1
c = eXp((u/Z)[Mxi; * } (Qx2+Nv2)ds]),
]
0

1 1

C
~ 1[ o
p., = exp(|{ R Hx.dy - 3 ] H R Hx.xds),
0

1 1

C
exp ( R Hr.dy - 3 J H*R“ Hr.rds),
0O

O |
|

O-—yrt O+t

a)
|

b oa exp((u/2)[S 1 .x_+| (Qri+v’)ds]),

t t

O ———— T

Y £
l

a = exp((u/2)L J tr(PQ)ds + J (PH*RH HPS)ds 1)
O t
. |
|[I-uMP(t1)]| 2,

k

h o .
t tpt

By the proof of theorem 3.2

C

t
Elcp 1Y 1] = X = j p(x,0)7(x,0)dx,
]

which by the proof of lemma 3.7 equals

- I u exp((u/2)Mx2)w(x,tl)dx.

With the calculations above (3.17) one obtains

T
1 —
Elco |Y 1 =k =h p. .
Y Y ty 5
Setting in this expression M = 0, Q = 0, N = 0, it materializes that
Y _
E[Upt |F ] = Upt ’
| 1
t Y t
E [cly 1 =Eleo_ |Y "1/Elp, Y "1 =nh,

21
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It 1s claimed that if k is a submartingale with respect to P that

then h is a submartingale with respect to P . For if s,t ¢ T, s < t, then

~V S, S S
F [htlY ] = E[htptllY ]/EEQtITY ]
- .Y - ey
E(h E[p 1Y 1Y 1/8[Elp . 1Y " J1¥°]
C Y

I

- C S - S ..
EEhtE[ptl\Y JIY]/EEptllY ]

12 N 5 N > —
“[htptPY ]/pS > hsps/pS hS.

It is then clear that if k is martingale with respect to P that then also

» > *» Nv
h 1s a martingale with respect to P .

X
Using the fact that S satisfies (4.1) and that u 1is given by (4.3),

a lengthy calculation shows that

dk = d(hp) = (07 /2)a; exp((u/2)

[S r .r + (Qr2+Nv2)ds])

t t ¢t

O YY——rt N

[N(vtmu:)zdt-»2(Rf‘Hr/u+Rf1HPSr).dyJ.

Thus for any v € g3, k = hp is a submartingale with respect to P, and for
X

v = u a martingale. By the above claim h is then for any v e« U,
submartingale and for v = a a martingale. From 4.3 then follows that u

~V
a P
*

1s conditionally optimal.

Note that in the proof of theorem 4.1 a key element 1s the invariance

of the conditional cost functional h.
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